Discrete Structures Lecture 21
CMSC 2123 0(f(n)), 2(g(n)), O(f (n))Examples

Introduction

We find the time complexity of several common algorithms in this lecture including finding the
maximum element in a finite sequence, the linear search algorithm, the binary search algorithm,
the bubble sort algorithm, and the insertion sort algorithm,

Algorithm 1: Finding the Maximum Element in a Finite Sequence

Line | Code Cost
1 int Max(int A[], int n) 0
2 | { intm=INT_MIN; 1
3 int 0=0; 1
4 while (a<n) { n-l
n= 1
a=0
5 if (A[a]>m) m=A[a]; 2n
a++; n
6 } 1
7 return m; 0
8 |} 0
Total T(n)=4n+3
1. fm)=n

2. C=4+1=5
3. |T(ng)| = Cf(ny)
n023

T(n) is O(n) because we found witnesses C = 5 and ny = 3 that make |T(ng)| < Cf(ny)
forn > ny
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Algorithm 2: The Linear Search Algorithm
Line | Code Cost
1 int LinearSearch(A[], int n,int key) 0
2 { intndx=-1; 1
3 int 0=0; 1
4 while (a<n) { n-l
n= 1
a=0
5 if (A[a]==key) ndx=aq; 2n
6 a++; n
7 } 1
8 return ndx; 0
9 |} 0
Total T(n) =4n+3
1. fm)=n

3. [T(np)

forn > ny

2. C=4+1=5

| < Cf(ng)

|4-n0 + 3| < |5n0|
n023

T(n) is 0(n) because we found witnesses C = 5 and ny = 3 that make |T(ny)| < Cf(n,)
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Algorithm 3: The Binary Search Algorithm
Line | Code Cost
1 int BinarySearch(A[], int n,int key)
2 { int/o=0; 1
3 int hi=n-1; 1
4 while (lo<=hi) { k
5 int m=(hi+lo)/2; 3k
6 if (key==A[m]) return m; k
7 if (key<A[m]) k
8 hi=m-1; 2k
9 else
10 lo=m+1; 2k
11 } 1
12 return -1;
13 |}
Total T(n)=8k+3
T(n) = 8[log, n] + 3
Analysis:
Goal: find k = f(n)
1. n; = %
2. ng = n, the initial value of n — the number of values to search.
3. ng =1, Inthe kth iteration of the loop, when hi=lo, there is only one value to search.
4. n; = %
5 n,= zlk =1
6.
7.

Assume the worst case: k = [log, n|

Finding O(f(n))

1.

2.
3.

f() = [logz n|

C=8+1=9

IT(no)| < Clf(ny)|

|8[logz nol + 3| < 9][logz nl|
log,ng =3

ny = 23

ng =8

T(n) is O(log, n) because we found witnesses C = 9 and ny = 8 that make |T(ng)| <
Cf(no) forn > ny
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Algorithm 4: The Bubble Sort
Line | Code Cost
1 | void BubbleSort(int A[], int n)
2 { intflag=1; 1
3 int i=1; 1
4 while (i<=n) { n
a= z 1
i=1
5 flag=0; a
6 int j=0; a
7 while (j<(n-1)) { n on-2
b= 2 1,2b
i=1 j=0
8 if (A[j+1]>A[) { 2b
9 int temp=A[j]; b
10 Alj1=ALj+1]; 2b
11 Alj+1]=temp; 2b
12 flag=1; b
13 }
14 jH+; b
15 } b
16 ++; a
17 } 1
18 |}
b=7%i, Z;':g 1
b=3(n—1)
b=n(n—1)=n%?—-n
a=XYr,1=n

T(n)=12b+4a+3=12n*>—-n)+4n+3
T(n) =12n?> —8n+ 3

Finding O(f(n)):

1. f(n) =n?

2. C=12+1=13

3. [T(ng)| < C|f(ny)l
|12n3 — 8ny + 3| < 13|n}|
ni+ 8ny—3=0

—8i\/82+4-3] —1
—5 =

|

T(n) is 0(n?) because we found witnesses C = 13 and ny = 1 that make |T(ny)| < Cf(n,)
forn = ny
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Algorithm 5: The Insertion Sort
Line | Code Cost
1 | void Insertion_Sort(int A[],int n)
2 { inti=1; 1
3 while (i<n) { n-l
a= z 1
i=1
4 int j=i; a
5 while (/>0 && A[j-1]>A[j]) { n-1 i
b= 1,4b

i=1 j=1
6 int t=A[j1; b
7 Alj1=AL-1]; 2b
8 Alj-11=t; 2b
9 J-=; b
10 } a
11 ++; a
12 } 1
13 |}

T(n) =10b + 4a + 2

b= Z?:]l §'=1 1
b =I5~ 1)
b= ?=_11i - ?=_111

b=w—(n—1)=ln2—3n—1
2 2 2

a=Y"'1=n-1

1 3
T(n) =10 Enz —En—l] +4n—1]+2
T(n) =5n?—-11n—12

Finding O(f(n)):
1.
2.
3.

f(n) = n?

C=5+1=6

IT(no)| < Clf (no)]

|5n — 11ny — 12| < 6[nd|

ni+ 11ny+12=>0

—11J_n/m1 N
2

|

T(n) is 0(n?) because we found witnesses C = 6 and ny = —1 that make |T(ny)| < Cf(ng)
forn = ny



