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Introduction 
We find the time complexity of several common algorithms in this lecture including finding the 
maximum element in a finite sequence, the linear search algorithm, the binary search algorithm, 
the bubble sort algorithm, and the insertion sort algorithm, 
 
Algorithm 1: Finding the Maximum Element in a Finite Sequence 

Line Code Cost 
1 int Max(int A[], int n) 0 
2 { int m=INT_MIN; 1 
3  int a=0; 1 
4  while (a<n) { 

𝑛𝑛 = � 1
𝑛𝑛−1

𝑎𝑎=0

 

5 if (A[a]>m) m=A[a]; 2𝑛𝑛 
 a++; 𝑛𝑛 

6 } 1 
7 return m; 0 
8 } 0 

Total 𝑻𝑻(𝒏𝒏) = 𝟒𝟒𝟒𝟒 + 𝟑𝟑 
1. 𝒇𝒇(𝒏𝒏) = 𝒏𝒏 
2. 𝑪𝑪 = 𝟒𝟒 + 𝟏𝟏 = 𝟓𝟓 
3. |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪𝑪𝑪(𝒏𝒏𝟎𝟎) 
 |𝟒𝟒𝒏𝒏𝟎𝟎 + 𝟑𝟑| ≤ |𝟓𝟓𝒏𝒏𝟎𝟎| 
 𝒏𝒏𝟎𝟎 ≥ 𝟑𝟑 
 
𝑻𝑻(𝒏𝒏) is 𝑶𝑶(𝒏𝒏) because we found witnesses 𝑪𝑪 = 𝟓𝟓 and 𝒏𝒏𝟎𝟎 = 𝟑𝟑 that make |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪𝑪𝑪(𝒏𝒏𝟎𝟎) 
for 𝒏𝒏 ≥ 𝒏𝒏𝟎𝟎 
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Algorithm 2: The Linear Search Algorithm 
Line Code Cost 

1 int LinearSearch(A[], int n,int key) 0 
2 { int ndx=-1; 1 
3  int a=0; 1 
4  while (a<n) { 

𝑛𝑛 = � 1
𝑛𝑛−1

𝑎𝑎=0

 

5 if (A[a]==key) ndx=a; 2𝑛𝑛 
6 a++; 𝑛𝑛 
7 } 1 
8 return ndx; 0 
9 } 0 

Total 𝑻𝑻(𝒏𝒏) = 𝟒𝟒𝟒𝟒 + 𝟑𝟑 
1. 𝒇𝒇(𝒏𝒏) = 𝒏𝒏 
2. 𝑪𝑪 = 𝟒𝟒 + 𝟏𝟏 = 𝟓𝟓 
3. |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪𝑪𝑪(𝒏𝒏𝟎𝟎) 
 |𝟒𝟒𝒏𝒏𝟎𝟎 + 𝟑𝟑| ≤ |𝟓𝟓𝒏𝒏𝟎𝟎| 
 𝒏𝒏𝟎𝟎 ≥ 𝟑𝟑 
 
𝑻𝑻(𝒏𝒏) is 𝑶𝑶(𝒏𝒏) because we found witnesses 𝑪𝑪 = 𝟓𝟓 and 𝒏𝒏𝟎𝟎 = 𝟑𝟑 that make |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪𝑪𝑪(𝒏𝒏𝟎𝟎) 
for 𝒏𝒏 ≥ 𝒏𝒏𝟎𝟎 

 
  



Discrete Structures   Lecture 21 
CMSC 2123  𝑶𝑶�𝒇𝒇(𝒏𝒏)�,𝛀𝛀�𝒈𝒈(𝒏𝒏)�,𝚯𝚯(𝒇𝒇(𝒏𝒏))Examples 

3 
 

Algorithm 3: The Binary Search Algorithm 
Line Code Cost 

1 int BinarySearch(A[], int n,int key)  
2 { int lo=0; 1 
3 int hi=n-1; 1 
4 while (lo<=hi) { 𝑘𝑘 
5 int m=(hi+lo)/2; 3𝑘𝑘 
6 if (key==A[m]) return m; 𝑘𝑘 
7 if (key<A[m]) 𝑘𝑘 
8 hi=m-1; 2𝑘𝑘 
9 else  

10 lo=m+1; 2𝑘𝑘 
11 } 1 
12 return -1;  
13 }  

Total 𝑻𝑻(𝒏𝒏) = 𝟖𝟖𝟖𝟖 + 𝟑𝟑 
 𝑻𝑻(𝒏𝒏) = 𝟖𝟖⌈𝐥𝐥𝐥𝐥𝐥𝐥𝟐𝟐 𝒏𝒏⌉ + 𝟑𝟑 

 
Analysis: 
Goal: find 𝑘𝑘 = 𝑓𝑓(𝑛𝑛) 
1. 𝑛𝑛𝑖𝑖 = 𝑛𝑛𝑖𝑖−1

2
 

2. 𝑛𝑛0 = 𝑛𝑛, the initial value of 𝑛𝑛 – the number of values to search. 
3. 𝑛𝑛𝑘𝑘 = 1,  In the 𝑘𝑘th iteration of the loop, when hi=lo, there is only one value to search. 
4. 𝑛𝑛𝑖𝑖 = 𝑛𝑛

2𝑖𝑖
 

5. 𝑛𝑛𝑘𝑘 = 𝑛𝑛
2𝑘𝑘

= 1 
6. From 5, 𝑛𝑛 = 2𝑘𝑘 ⟹ 𝑘𝑘 = log2 𝑛𝑛 
7. Assume the worst case: 𝑘𝑘 = ⌈log2 𝑛𝑛⌉ 
 
Finding 𝑶𝑶�𝒇𝒇(𝒏𝒏)�: 
1. 𝒇𝒇(𝒏𝒏) = ⌈𝐥𝐥𝐥𝐥𝐥𝐥𝟐𝟐 𝒏𝒏⌉ 
2. 𝑪𝑪 = 𝟖𝟖 + 𝟏𝟏 = 𝟗𝟗 
3. |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪|𝒇𝒇(𝒏𝒏𝟎𝟎)| 
 |𝟖𝟖⌈𝐥𝐥𝐥𝐥𝐥𝐥𝟐𝟐 𝒏𝒏𝟎𝟎⌉+ 𝟑𝟑| ≤ 𝟗𝟗|⌈𝐥𝐥𝐥𝐥𝐥𝐥𝟐𝟐 𝒏𝒏𝟎𝟎⌉| 
 𝐥𝐥𝐥𝐥𝐥𝐥𝟐𝟐 𝒏𝒏𝟎𝟎 ≥ 𝟑𝟑 
 𝒏𝒏𝟎𝟎 ≥ 𝟐𝟐𝟑𝟑 
 𝒏𝒏𝟎𝟎 ≥ 𝟖𝟖 
 
𝑻𝑻(𝒏𝒏) is 𝑶𝑶(𝐥𝐥𝐥𝐥𝐥𝐥𝟐𝟐 𝒏𝒏) because we found witnesses 𝑪𝑪 = 𝟗𝟗 and 𝒏𝒏𝟎𝟎 = 𝟖𝟖 that make |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤
𝑪𝑪𝑪𝑪(𝒏𝒏𝟎𝟎) for 𝒏𝒏 ≥ 𝒏𝒏𝟎𝟎 
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Algorithm 4: The Bubble Sort 
Line Code Cost 

1 void BubbleSort(int A[], int n)  
2 { int flag=1; 1 
3 int i=1; 1 
4 while (i<=n) { 

𝑎𝑎 = �1
𝑛𝑛

𝑖𝑖=1

 

5 flag=0; 𝑎𝑎 
6 int j=0; 𝑎𝑎 
7 while (j<(n-1)) { 

𝑏𝑏 = �� 1
𝑛𝑛−2

𝑗𝑗=0

𝑛𝑛

𝑖𝑖=1

, 2𝑏𝑏 

8 if (A[j+1]>A[j]) { 2𝑏𝑏 
9 int temp=A[j]; 𝑏𝑏 

10 A[j]=A[j+1]; 2𝑏𝑏 
11 A[j+1]=temp; 2𝑏𝑏 
12 flag=1; 𝑏𝑏 
13 }  
14 j++; 𝑏𝑏 
15 } 𝑏𝑏 
16 i++; 𝑎𝑎 
17 } 1 
18 }  

  𝑏𝑏 = ∑ ∑ 1𝑛𝑛−2
𝑗𝑗=0

𝑛𝑛
𝑖𝑖=1  

 𝑏𝑏 = ∑ (𝑛𝑛 − 1)𝑛𝑛
𝑖𝑖=1  

 𝑏𝑏 = 𝑛𝑛(𝑛𝑛 − 1) = 𝑛𝑛2 − 𝑛𝑛 
   𝑎𝑎 = ∑ 1𝑛𝑛

𝑖𝑖=1 = 𝑛𝑛 
 𝑇𝑇(𝑛𝑛) = 12𝑏𝑏 + 4𝑎𝑎 + 3 = 12(𝑛𝑛2 − 𝑛𝑛) + 4𝑛𝑛 + 3 
 𝑻𝑻(𝒏𝒏) = 𝟏𝟏𝟏𝟏𝒏𝒏𝟐𝟐 − 𝟖𝟖𝟖𝟖 + 𝟑𝟑 

 
 
Finding 𝑶𝑶�𝒇𝒇(𝒏𝒏)�: 
1. 𝒇𝒇(𝒏𝒏) = 𝒏𝒏𝟐𝟐 
2. 𝑪𝑪 = 𝟏𝟏𝟏𝟏 + 𝟏𝟏 = 𝟏𝟏𝟏𝟏 
3. |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪|𝒇𝒇(𝒏𝒏𝟎𝟎)| 
 �𝟏𝟏𝟏𝟏𝒏𝒏𝟎𝟎𝟐𝟐 − 𝟖𝟖𝒏𝒏𝟎𝟎 + 𝟑𝟑� ≤ 𝟏𝟏𝟏𝟏�𝒏𝒏𝟎𝟎𝟐𝟐� 
 𝒏𝒏𝟎𝟎𝟐𝟐 +  𝟖𝟖𝒏𝒏𝟎𝟎 − 𝟑𝟑 ≥ 𝟎𝟎 

 𝒏𝒏𝟎𝟎 = �−𝟖𝟖±�𝟖𝟖𝟐𝟐+𝟒𝟒∙𝟑𝟑
𝟐𝟐

� = 𝟏𝟏 

 
𝑻𝑻(𝒏𝒏) is 𝑶𝑶(𝒏𝒏𝟐𝟐) because we found witnesses 𝑪𝑪 = 𝟏𝟏𝟏𝟏 and 𝒏𝒏𝟎𝟎 = 𝟏𝟏 that make |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪𝑪𝑪(𝒏𝒏𝟎𝟎) 
for 𝒏𝒏 ≥ 𝒏𝒏𝟎𝟎 
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Algorithm 5: The Insertion Sort 
Line Code Cost 

1 void Insertion_Sort(int A[],int n)  
2 { int i=1; 1 
3 while (i<n) { 

𝑎𝑎 = � 1
𝑛𝑛−1

𝑖𝑖=1

 

4 int j=i; 𝑎𝑎 
5 while (j>0 && A[j-1]>A[j]) { 

𝑏𝑏 = ��1,4𝑏𝑏
𝑖𝑖

𝑗𝑗=1

𝑛𝑛−1

𝑖𝑖=1

 

6 int t=A[j]; 𝑏𝑏 
7 A[j]=A[j-1]; 2𝑏𝑏 
8 A[j-1]=t; 2𝑏𝑏 
9 j--; 𝑏𝑏 

10 } 𝑎𝑎 
11 i++; 𝑎𝑎 
12 } 1 
13 }  

𝑇𝑇(𝑛𝑛) = 10𝑏𝑏 + 4𝑎𝑎 + 2 
 𝑏𝑏 = ∑ ∑ 1𝑖𝑖

𝑗𝑗=1
𝑛𝑛−1
𝑖𝑖=1  

 𝑏𝑏 = ∑ (𝑖𝑖 − 1)𝑛𝑛−1
𝑖𝑖=1  

 𝑏𝑏 = ∑ 𝑖𝑖𝑛𝑛−1
𝑖𝑖=1 − ∑ 1𝑛𝑛−1

𝑖𝑖=1  
 𝑏𝑏 = (𝑛𝑛−1)𝑛𝑛

2
− (𝑛𝑛 − 1) = 1

2
𝑛𝑛2 − 3

2
𝑛𝑛 − 1 

  𝑎𝑎 = ∑ 1 = 𝑛𝑛 − 1𝑛𝑛−1
𝑖𝑖=1  

𝑇𝑇(𝑛𝑛) = 10 �
1
2
𝑛𝑛2 −

3
2
𝑛𝑛 − 1�+ 4[𝑛𝑛 − 1] + 2 

𝑇𝑇(𝑛𝑛) = 5𝑛𝑛2 − 11𝑛𝑛 − 12 
 
 
Finding 𝑶𝑶�𝒇𝒇(𝒏𝒏)�: 
1. 𝒇𝒇(𝒏𝒏) = 𝒏𝒏𝟐𝟐 
2. 𝑪𝑪 = 𝟓𝟓 + 𝟏𝟏 = 𝟔𝟔 
3. |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪|𝒇𝒇(𝒏𝒏𝟎𝟎)| 
 �𝟓𝟓𝒏𝒏𝟎𝟎𝟐𝟐 − 𝟏𝟏𝟏𝟏𝒏𝒏𝟎𝟎 − 𝟏𝟏𝟏𝟏� ≤ 𝟔𝟔�𝒏𝒏𝟎𝟎𝟐𝟐� 
 𝒏𝒏𝟎𝟎𝟐𝟐 +  𝟏𝟏𝟏𝟏𝒏𝒏𝟎𝟎 + 𝟏𝟏𝟏𝟏 ≥ 𝟎𝟎 

 𝒏𝒏𝟎𝟎 = �−𝟏𝟏𝟏𝟏±�𝟏𝟏𝟏𝟏𝟐𝟐−𝟒𝟒∙𝟏𝟏𝟏𝟏
𝟐𝟐

� = −𝟏𝟏 

 
𝑻𝑻(𝒏𝒏) is 𝑶𝑶(𝒏𝒏𝟐𝟐) because we found witnesses 𝑪𝑪 = 𝟔𝟔 and 𝒏𝒏𝟎𝟎 = −𝟏𝟏 that make |𝑻𝑻(𝒏𝒏𝟎𝟎)| ≤ 𝑪𝑪𝑪𝑪(𝒏𝒏𝟎𝟎) 
for 𝒏𝒏 ≥ 𝒏𝒏𝟎𝟎 
 
 


